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Abstract: The bosonic sectors of the eleven-dimensional and IIA supergravity the-
ories are derived as non-linear realisations. The underlying group includes the confor-
mal group, the general linear group and as well as automorphisms of the supersym-
metry algebra. We discuss the supersymmetric extension and argue that OSp(1=64)
is a symmetry of M-theory. We also derive the eective action of the closed bosonic
string as a non-linear realisation.
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1. Introduction
Much of the progress in recent years in our understanding of the non-perturbative
eects of string theory has relied on the structure of the supergravity theories in
eleven and ten dimensions. While there is only one eleven-dimensional supergravity
theory [1], in ten dimensions there exist the IIA [2, 3, 4] and IIB [5, 6, 7] super-
gravity theories as well as the type-I supergravity theory coupled to the Yang-Mills
theory [8]. These theories are essentially uniquely determined by the type of super-
symmetry that they possess. Hence given a string theory in ten dimensions its com-
plete low energy eective action must be the supergravity with the same space-time
supersymmetry. One intriguing feature of supergravity theories is the occurance of
coset space symmetries that control the way the scalars in these theories behave. The
four-dimensional N = 4 supergravity theory possess a SL(2;R)=U(1) symmetry [9],
the IIA theory a SO(1; 1) symmetry [2], the IIB theory a SL(2;R)=U(1) [5] and the






on the exceptional groups [10, 11]. These symmetries have also played an important
role in string dualities in recent years [12, 13] and any further elucidation of the
symmetries of supergravity theories could prove useful.
Although these symmetries can be viewed as a consequence of supersymmetry, it
is desirable to have a deeper understanding. One step in this direction has been the
extension of the coset space description of the scalars to include the gauge elds [14].
This has been achieved by introducing a group with Grassmann odd as well as
Grassmann even generators. All of these generators are scalars under the Lorentz
group and the indices of the gauge elds are incorporated by writing them as forms.
The group elements g of the coset are then exponentials of these forms each of which
is multiplied by a generator with the corresponding Grassmann character. This has
the advantage that one automatically nds the gauge eld strengths when taking
the Cartan forms, g−1dg using the method of non-linear realisations [15, 16]. The
result is an elegant formulation of these sectors of the supergravity theories, but it
is not apparent how this method can be extended to include the graviton or indeed
the fermionic sectors of the theory.
Recently, it was shown [17] that part of the GL(32) automorphism group of the
supersymmetry algebra was found to be a symmetry of the vebrane equations of
motion. This symmetry was also found to play an important role in formulating
the branes of M-theory in terms of a non-linear realisation, indeed the world-volume
gauge eld strengths are the Goldstone bosons for part of this automorphism sym-
metry [18]. It was conjectured [17] that this symmetry could play a role in M-theory
and should occur in eleven-dimensional supergravity.
Long ago [19], Ogievetsky realised that the group of general coordinate realisa-
tions was the closure of the conformal group and the group of ane transformations,
IGL(4) in four dimensions. As a consequence, in ref. [20], gravity was reformulated as
the non-linear realisation of these two groups. Subsequently, it was shown [21] that
the Sokatchev-Ogievetsky superspace formulation of the N = 1 supergravity [22] in
four dimensions could be expressed as a non-linear realisation
In this paper we wish to revive this old idea of realising gravity as a non-linear
realisation and, by combining it with the presence of the automorphism symmetries,
show that the bosonic sector of eleven-dimensional supergravity can be expressed as
a non-linear realisation. In particular, in section 2, we will show how the bosonic
sector of sector of eleven-dimensional supergravity, that is the graviton and the rank
three gauge eld, is a non-linear realisation of the conformal group, SO(2; 11) and
a group which is generated by the generators of the group of ane transformations
IGL(11) and two further generators which are of rank three and rank six. While the
graviton is the Goldstone boson for the group GL(11), the gauge eld and its dual
are the Goldstone bosons associated with these two additional generators. We will
argue that these new generators arise as part of the GL(32) automorphism group






realising gauge elds as Goldstone elds is that one does not obviously nd their
eld strengths when following the standard method of non-linear realisations. In
fact, the eld strengths of these gauge elds arise only as a result of demanding that
the theory be invariant under both groups.
We will also show, in section 3, that the bosonic sector of IIA supergravity can
also be derived as a non-linear realisation. In section 4, we show that if one starts
with a generic theory of Goldstone elds, some of which carry anti-symmetrised
space-time indices, and also demands conformal symmetry then one nds that these
Goldstone elds must possess gauge symmetries. In section 5, we show that the low
energy eective action for the closed bosonic string can be written as a non-linear
realisation. We explain, in section 6, how one may derive the dynamics of branes
in a background using the theory of non-linear realisations. We sketch, in section 7,
how the non-linear realisation of the bosonic sectors of supergravity theories can be
extended to the fully theory including the fermions. We conclude in section 8.
2. Eleven-dimensional supergravity
The lagrangian of eleven-dimensional supergravity written in the signature diag(ab)
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F14 = 4@[1A234] ; F^14 = F14 + 3  [1Γ23 4] ; (2.2)
and
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  ; Ω^bc = wbc(e)− 1
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@ea − eceb@ea)ea : (2.3)
The symbol w0mn(e) is the usual expression for the spin-connection in terms of the
vielbein en.






























d − adKcb ; [Kab; Pc] = −acPb ;
[Kab; R
c1c6] = c1b R
ac2c6 +    ; [Kab; Rc1c3] = c1b Rac2c3 +    ; (2.7)
[Rc1c3; Rc4c6] = 2Rc1c6 ; (2.8)
where +    denote the appropriate anti-symmetrisations. The generators Kab and
Pc generate the ane group IGL(11) while the generators R
c1c3 and Rc1c6 form
a subalgebra that is the same as that which was found to be a symmetry of the
vebrane [17]. This subalgebra was also required in the description of the vebrane
as a non-linear realisation [18]. In these references it was identied as part of the
GL(32) automorphism algebra of the eleven-dimensional supersymmetry algebra. We
denote by G11 the group whose Lie algebra is that of eqs. (2.7) and (2.8).
We now construct the non-linear realisation corresponding to the group G11
taking the Lorentz group to be a local symmetry. The generators of the Lorentz
group are given by Jab = Kab−Kba where the indices are lowered with the Minkowski














The elds hab, Ac1c3 and Ac1c6 depend on x
. Although we use the exponential pa-
rameterization the reader who prefers a globally valid expression can readily rewrite
the above group element in the appropriate form. In fact, one could take x, hab,
Ac1c3 and Ac1c6 to depend on D parameters, thus leading to a kind of democracy
between elds and coordinates. To recover the above form from this formulation,
one uses the reparameterisation invariance inherent in the construction to choose the
x equal to the parameters.
The theory is to be invariant under
g −! g0gh−1 ; (2.10)
where g0 is a rigid element of the full group generated by the above Lie algebra and
h is a local element of the Lorentz group. The corresponding g0 invariant forms are
given by






where w  1
2
dxwb
cJ bc is the Lorentz connection and so transforms as
w −! hwh−1 + hdh−1 : (2.12)
As a result
V −! hVh−1 : (2.13)
This approach diers from that of ref. [20] where the Lorentz symmetry was a
rigid symmetry and the eld ha
b was symmetric. The advantage of the approach
adopted here is that one nds directly the vielbein formulation of general relativ-
ity and so the identication of part of the theory with general relativity is readily
apparent.
























bAbc2c3 +   

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c  (e−1@e)bc − wbc ; (2.15)
where +    denotes the action of (e−1@e) on the other indices of Ac1c3 and Ac1c6.
The covariant derivatives of the Goldstone elds associated with this non-linear
realisation, that is of the eld ha
b and the elds Ac1c3 and Ac1c6 , are given by
Ωab
c  (e−1)a(e−1@e)bc − wabc ;
~DaAc1c3  (e−1)a ~DAc1c3 ; ~DaAc1c6  (e−1)a ~DAc1c6 : (2.16)
We note that these quantities are not eld strengths as the indices are not anti-
symmetrised, nor are the derivatives those that occur in general relativity. As we
shall see, we will only recover the eld strengths of the equations of motion once we
consider the simultaneous non-linear realisation with the conformal group.
Under h = e(
1
2
wab(x)Jab), we nd that e
a transforms as a elfbein should under a
local Lorentz transformation and indeed all the indices of the elds in V which are
contracted with the generators are rotated in the correct way as to be interpreted as






the representation of the Lorentz group to which B belongs. The covariant derivative
of the matter eld B is given by





c  (e−1)awb c and ab is the representation of the generators of the
Lorentz group associated with B.
We must construct the non-linear realisation for the conformal group SO(2; 11),
taking the now rigid Lorentz group as the istropy group. This procedure is well
known, [20, 23], but for completeness we summarise the derivation. The generators
of the conformal group obey the relations
[Jab; Kc] = −acKb + bcKa ; [Pa; D] = Pa ;
[Ka; D] = −Ka ; [Pa; Kb] = +2abD − 2Jab (2.18)
in addition to those of the Poincare group and relations where the commutators




and the Cartan forms are given by
g−1dg = dxa(ePa + e−(@ab − ccba + 2ab)Kb + (@a + 2a)D +
+ (−cad + dac)Jcd) : (2.20)
The covariant derivatives of the Goldstone elds are obtained by taking all the above
expressions, with the exception of the rst term, and multiplying by e−. These
transform only under the Lorentz group and we can set the covariant derivative for
 to zero and still preserve the group. As a result, we can eliminate  in terms of
@, namely 2 = −@. In eect, this leaves  as the only Goldstone eld.
It is straightforward to nd the transformations under dilations and special con-
formal transformations of  and a eld B which transforms under the representation
ab of the Lorentz group. The result is
 = (2x  x  @ − x2  @) + 2x +  ;
B = (2x  x  @ − x2  @)B + (axb − bxa)abB : (2.21)
The covariant derivative with respect to conformal transformations, denoted a
of the eld B is given by
aB = e
−(@a + @bab)B : (2.22)
In particular, for a vector eld Aa we have
aAb = e






Following the procedure of Borisov and Ogievetski [20], we must now construct
quantities from the derivatives of the Goldstone elds of the rst group G11 which
are also covariant with respect to the conformal group. In view of the identical
transformation of x under dilations and the determinant part of GL(11) we must
identify h




 = 0. While the eld  identied in this way
must transform in the relavent way determined by the conformal group, the elds
h
a, Ac1c3 and Ac1c6 transform under conformal transformations as their indices
suggest. It is simplest to rst carry out this procedure for the elds Ac1c3 and






+ Dc1Ac3 + @Ac1c3 + (e
−1@e)c1
dAdc3 +   )

:
In this equation e = eh¯ and +    denotes the terms that arise when the connections
of the derivatives contract with the other indices on Ac1c3. Even at order (h)
0 it is
apparent that only by completely anti-symmetrising in a; c1    c3 can one obtain an
expression such that all  dependence is through the conformal derivative a alone
and as a result is an expression that is simultaneously covariant under both groups.






bAbc3c4] +   

: (2.25)










bAbc3c7] +   + 5 ~F[c1c4 ~Fc5c7]

: (2.26)
What is not apparent from the above expressions is that the covariant derivatives
are those that one should nd in general relativity. To verify this, and indeed to
recover general relativity itself, we must recover the usual expression for the spin
connection in terms of the elfbein. We can use the inverse Higgs eect [24] to place
constraints on the covariant derivative Ωab
c of the eld h
a. Within the context of
the group G11 there is no unique way to do this. However, as explained above, we
must do this in just such a way that the G11 covariant derivative of eq. (2.17) can be
rewritten in terms of the covariant derivatives of the conformal group of eq. (2.21).










This equation tells us that wab
c must be expressible as in terms of the conformal
covariant derivatives of e






term in the right-hand side of the above equation. The unique solution is to take the
constraint
Ωa[bc] − Ωb(ac) + Ωc(ab) = 0 : (2.28)
This results in the well known expression for the spin connection in terms of the
elfbein given in eq. (2.3). Although the connection term that appears in the eld
strengths of eqs. (2.25) and (2.26) looks incorrect, when one takes into account
the anti-symmetry on all the indices one nds that the covariant derivative can be
re-expressed in terms of the usual spin connection appropriate to tangent indices.
Thus the eld strengths of these equations when written in terms of the components
appropriate for the coordinates of the space-time are just the curl of the gauge
potential written in the same components.
The equations of motion for the simultaneous non-linear realisation must be
written in terms of ~Fc1c4 and ~Fc1c7 given in eqs. (2.25) and (2.26) and the spin-
connection in such a way that the equations are covariant under the local Lorentz
transformations. Clearly, the spin connection can only enter either in ~Fc1c4 and
~Fc1c7, in the way which is already specied, or through the Riemann tensor
Rb
c  @wb c + wb dwd c − (! ) : (2.29)






in agreement with eq. (2.5) when written in the local coordinate frame. The only


















as it should be. The constant c, of proportionality can only be determined once the
full supersymmetric treatment is given. It has value 1.
3. Gauge symmetry
It is instructive to trace more precisely how the gauge invariance of the elds Aa1a3

















where 1na1an = 
a1
1
   ann and c13 and c16 are constants in eq. (2.10), we nd
that the vielbein is inert and the other elds transform as






where c13 = e1
a1    e3a3ca1a3 and similarly for ca1a6 . The vielbeins occur
because the factor in g which contains the elds Aa1a3 and Aa1a6 is to the right of
that containing the ha
b elds. Thus, it is the elds with curved indices that transform
most simply. To nd the conformal transformation of the elds with curved indices
we write them as A1p = (e
h¯)1
a1    (eh¯)papepAa1ap for p = 3; 6. Taking into
account the conformal transformation of  and B of eq. (2.21) we nd that
A1p = (2(x  )(x  @)− x2(  @))A1p +
+ (21x
A2p − 2x1A2p +   ) + 2p(  x)A1p ; (3.3)
where +    stands for the other terms where the induced Lorentz rotation acts on
the other indices of A1p . We note that this is the variation of a matter eld
that we would have obtain had we included the dilations in the isotropy group and
assigned the eld dilation weight p.
For simplicity, we will illustrate the mechanism of how gauge symmetry arises
for a single form eld A1p that has a constant shift, i.e. A1p = c1p , under
a non-linear realisation. Carrying out the commutation of this shift with a special
conformal transformation we nd that
[c; ]A1p = p@[1 ~
(2)
2p] : (3.4)
We recognise this as a gauge transformation with parameter
~(2)2p = 2px  xc2p − x2c2p + (−2x2xc3p +   ) : (3.5)
We may write the original shift of the eld as a gauge transformation with parameter

(1)
2p = xc2p and taking its commutator with special conformal transforma-
tions we nd another gauge transformation which is quadratic in x. Thus starting
from a gauge transformation that is linear in x we obtain one which is bilinear.
By induction, we will now show that taking repeated commutators with special
conformal transformations leads to a gauge transformation with an arbitrary local
parameter. Let us suppose that after taking r − 1 commutators we nd a transfor-
mation which can be written as a gauge transformation of A1p, denoted 
(r)
2p ,
which is a polynomial in x of degree r. Taking the commutator of this with another
special conformal transformation we nd that






2p] = (2x  x  @ − x2  @)(r)2p +

22x
(r)3p − 2x2(r)3p +   







Hence we recover another gauge transformation, which is a polynomial in x of one
degree higher. It is clear that proceeding in this way we can nd an arbitrary local
gauge transformation. Thus, we have shown that taking the closure of a Goldstone
shift and the conformal group leads to a local gauge transformation. In fact, if we
start from a non-linear realisation of the elds we can regard gauge invariance as a
consequence of conformal invariance.
The standard U(1) eld has been been previously considered as a Goldstone
boson by considering an innite dimensional algebra [29].
4. IIA supergravity
The bosonic part of the ten-dimensional IIA supergravity theory is given by [2, 3, 4]














2  (12)2 
110F14F58A910 ; (4.1)
where
F12 = 2@[1A2] ; (4.2)
F123 = 3@[1A23] ; (4.3)
F 014 = 4(@[1A4] + 2A[1F234]) : (4.4)
The equations of motion of the non-gravitational sector of the theory were ex-
pressed as a non-linear realisation in ref. [14]. Although we use a dierent group and
strategy, some of the steps below have analogues in those of ref. [14]. We proceed
much as for eleven-dimensional supergravity, we take the group GIIA to have the
generators of IGL(10), that obey eq. (2.17), together with the generators Ra1ap for
p = 0; 1; 2; 3; 5; 6; 7; 8 which obey the relations
[R;Ra1ap ] = cpRa1ap ; [Ra1ap ; Ra1aq ] = cp;qRa1a(p+q) ; (4.5)
where
c1 = −c7 = −3
4
; c2 = −c6 = 1
2
; c3 = −c5 = −1
4
:
c1;2 = −c2;3 = −c3;3 = c2;5 = c1;5 = 2 ;
c1;7 = 3 ; c2;6 = 2 ; c3;5 = 1 (4.6)
































a) exp(AR) : (4.7)
We also take the Lorentz group to be a local symmetry and so consider the quantity
V = g−1dg − w : (4.8)
We may rewrite this as
V = (g−1h dgh+ (g−1A dgA + g−1A (g−1h dgh)gA − g−1h dgh










where the denition applies to each of the terms in the brackets separately.
The next step is to demand conformal invariance. In particular, we should
take combinations of derivatives of the Goldstone elds that are also conformally
covariant. The procedure follows closely those of sections 2 and 3. Indeed, it is an
inevitable consequence of section 3 that the elds Aa1ap will appear in quantities
that are gauge invariant. Thus the quantities which involve the elds Aa1ap that
are GIIA and conformally covariant are
~Fa1ap  pe−c(p−1)A ~D[a1Aa2a3] : (4.10)
One nds that






















































































The unique equations of motion of the forms that are rst order in derivatives and




a1a10 ~Fa(p+1)a10 ; p = 1; 2; 3; 4 (4.12)
as well as the equation for the vielbein. These are the equations of motion of IIA
supergravity.
One might have thought that the easiest way to obtain the non-linear realisation
of IIA supergravity would be to directly perform the dimensional reduction on the
non-linear realisation of eleven-dimensional supergravity. However, the correct num-
ber of elds and generators does not arise in a natural way as becomes apparent if one
tries. This suggests that the formulation of eleven-dimensional supergravity given in
section 2 may not be the most natural one and that there should exist a rst order
formulation of the vielbein equation of motion by introducing higher rank elds.
5. The closed bosonic string effective action
One can also apply the theory of non-linear realisations to the low energy eective













where F123 = 3@[1A23]. In this action, D is the dimension of space-time, but
we must take D = 26 to obtain the consistent closed bosonic string. In principle we
should include the cosmological term for D 6= 26 and there will also be corrections to
the dilaton potential from higher order genus surfaces [26]. Presumeably, these terms
could be accounted for by taking into account an anomaly in the symmetry below.




and Ra1a(D−4) . They obey eq. (2.7) and the algebra
[R;Ra1ap] = cpRa1ap ; [Ra1ap; Ra1aq ] = cp;qRa1a(p+q) ; (5.2)
where
c2 = −cD−4 = 4
(D − 2) ; c2;D−4 = 2 : (5.3)
We take and all the other c’s vanish.


























Calculating the Cartan forms g−1dg − w and demanding simultaneous invariance
under the conformal group, we nd that the equations of motion must be built out
of w cab and
~Fa = DaA ; ~Fa1a2a3 = 3e
− 4
(D−2)AD[a1Aa2a3] ;
~Fa1a(D−3) = (D − 3)e
4
(D−2)AD[a1Aa2a(D−3)] ;
~Fa1a(D−1) = (D − 1)










a1aD ~Fa(p+1)aD ; p = 1; 2 (5.6)
provided we identify  with A, as well as the vielbein equation.
6. Branes in a background
In a recent paper [18], the branes of M-theory were derived as a non-linear realisation.
Since in this paper we have shown that the background supergravity to which they
couple can also be formulated as a non-linear realisation, it is straightforward, at
least in principle, to describe the dynamics of branes in a background as a non-linear
realisation. We now illustrate the procedure for the case of a bosonic brane coupled
to gravity.




We use the same index notation as in ref. [18], where D is the dimension of space-time
and n are the coordinates of the brane worldvolume. We consider the forms
V = g−1dg − w  dn(enaPa + fna0Pa0 + !na bKab) : (6.2)
The spin connection w takes values in the Lie algebra of SO(1; p) SO(D − p− 1).
In fact, in ref. [18], we took the isotropy group to be SO(1; p), although we
could have taken the above group. Making this latter choice simplies the analysis
of ref. [18] a bit, but the results are the same.










n transforms in a covariant manner, we can set it to zero. This solves for @nX
a0
in terms of the en
a0 of the background gravity. Hence, in the case of a local back-







play the role of the Goldstone bosons of the Lorentz group that were solved for in
ref. [18]. Proceeding as in that paper, and using the constraint fn






where gnm = em
aaben
b. Thus, we nd that the invariant action isZ





as it should be.
7. Supersymmetric extension
It would be interesting to extend the analysis of this paper to the full supergravity
theories, that is incorporate supersymmetry. Let us rst sketch how this would go
for eleven-dimensional supergravity. To extend the group IGL(11), it is natural to
consider the group IGL(11=32). The generators of GL(11=32) group can be labelled
by KAB where A = (a; ) and similarly for B etc. We can then denote the generators








) and the generators of inhomogeneous transforma-











a are functions of
xa and  and have geometric dimensions 0, 0, 1/2 and −1=2, respectively. Thus the
lowest components of ha
b, A
 and  a
 have the correct dimensions to be identied
with the graviton, gauge elds and gravitino, respectively. Indeed, their shifts under
the appropriate symmetries of the non-linear realisations make this identication
inevitable.
We must also consider a non-linear realisation of a supersymmetric generalisation
of the conformal group. It is known [25], that there is a unique generalisation of
SO(2; 11) that also contains the supersymmetry algebra: it is OSp(1=64). The Lie
algebra of this group can be written as
[Rˆˆ ; Rγˆˆ] = −CˆγˆRˆˆ − CˆˆRγˆˆ − CˆˆRˆγˆ − CˆγˆRˆˆ ;
fˆ; ˆg = Rˆˆ ; [γˆ ; Rˆˆ ] = Cˆγˆˆ + Cˆγˆˆ ; (7.2)
where Cˆγˆ = −Cγˆˆ is the metric that occurs in the invariant line element of this
group and ^; ^ = 1; 2; : : : ; 64.
We now decompose the 64 component spinor, ˆ in this group into two 32 com-
ponent spinors using the index decomposition ^ = (; 0) where  = 1; : : : ; 32; 0 =
1; : : : ; 32 etc. In particular, we set Q =  and S
 = 0C








0 and Z = R00C
0C
0. Taking C = 0 = C00 we may write
the algebra of OSp(1=64) in the form
fQ; Qg = Z ; [Q; Zγ] = 0 ; [Z; Zγ] = 0 ;
[Q; Rγ
] = −Qγ ; [Z; Rγ] = −Zγ − Zγ (7.3)
and
fS; Sg = Z; [S; Zγ] = 0 ; [Z; Zγ] = 0 ;
[Sγ ; R
] = γS






fQ; Sg = R ; [Z; Zγ] = −γR − Rγ − Rγ − γR : (7.5)
We recognise that OSp(1=64) contains a sub-algebra, given in eq. (7.3), which is
precisely the usual supersymmetry algebra in eleven dimensions with all its central
charges, plus the GL(32) automorphism group that was found to play a role in the
vebrane equations of motion [17] and in the branes of M-theory realised as a non-







The generators R and Ra1a2 are to be identied with dilations and Lorentz rotations.
The considerations of this paper show that OSp(1=64) must be a symmetry of eleven
dimensional supergravity. This group has previously been considered [30] in the
context of M theory with two times and mentioned as a possible unifying group in
reference [31].
When taking the simultaneous realisation of the two groups IGL(11=32) and
OSp(1=32) we must identify the Goldstone elds whose corresponding generators
have the same action on the coordinates xa and . In principle, one should also
consider the action of OSp(1=64) on the central charges, but for the present discussion
we shall ignore this subtilty. As for the bosonic sector consider in section 2, the
dilations are in common and so we must identify h with , However, the generators
K and R
 act the same way on the coordinates xa and  with the exception
of the scalar and rank two generators that behave dierently. In OSp(1=64) these
are the dilations and Lorentz rotations and so their actions on the coordinates xa
and  are related. In contrast, the GL(11=32) action on the coordinates xa and
 is unrelated. Thus, we should identify all of the generators in K with those
in R
 with the exception of the two generators of rank zero and two. As a result,
in the simultaneous non-linear realisation we nd that we have generators of every
rank in R






generators of rank zero and two, which we may denote by K and Kab. Hence, in
eleven dimensions, we nd the automorphisms Ra1an for n = 0; 1; 2; 3; 4; 6 and the
two-additional generators, K and Ka1a2 . It was observed on ref. [17] that the algebra
of eq. (2.8) was a contraction of the GL(32) automorphism algebra. Hence, it would
seem natural to identify the generators Ra1a3 and Ra1a6 , which are the generators,
whose Goldstone elds are the gauge elds of eleven-dimensional supergravity in the
non-linear realisation of section 2, with the automorphisms that arise in the groups
GL(11=32) and OSp(1=64).
The supergravity action of eq. (2.1) essentially contains three contributions, the
kinetic terms in the rst line, the Noether term in the second line and the Chern-
Simmons term in the last line. We have already accounted for the rst and last terms
and in the supersymmetric extension we must account for the Noether term. In the






Taking the commutator of the Ra1a3 and Ra1a6 generators with Ka to be the
obvious γ-matrix times Ka we do indeed nd a term that has, at least in form, that
of the Noether term.
We now also briefly, comment on the supersymmetric extension of the IIA theory
considered in section 4. The extension of the group IGL(10) is presumably the
group IGL(10=32). Although ref. [25] was concerned with N = 1 supersymmetry, it
would seem inevitable that the unique extension of the conformal group to include a
type-II superalgebra is the group OSp(1=64). We should consider the simultaneous
realisation of both of these groups. In the later group, we will nd the GL(32)
automorphism group and so the generators Ra1ap for p = 0; 1   10. Identifying
the generators in the same way as above we nd that the simultaneous non-linear
realisation of these two groups includes the generators Ra1an for n = 0; 1; 2; : : : ; 10 as
well as two additional generators, which we can denote by K andKa1a2 . We note that
in contrast to the eleven-dimensional theory most of the generators are need to ensure
the necessary Goldstone bosons. The correspondence with the automorphisms of the
supersymmetry algebra is less obvious in this case and it is possible that one may have
to introduce generators in addition to those of the above two groups. In particular,
the generator R, which leads to the SO(1; 1) transformations of the IIA supergravity
theory, does not seem to have an obvious identication with these generators.
The non-linear realisation of the IIb supergravity theory follows a similar pat-
tern, but the automorphisms that are active are dierent from those in the eleven-
dimensional and IIA supergravity theories.
The above is a sketch of the extension to the supergravity theory, however,
until one actually carries out the full calculation one cannot be sure that all the







It is clear that all supergravity theories can be formulated as non-linear realisations.
The bosonic part of the group underlying these constructions will include, the con-
formal group, the general linear group and certain automorphisms. In the complete
theory, the conformal group will be embedded in the relevant Osp group which auto-
matically contain the automorphisms of the Poincare supersymmetry algebras with
all their central charges.
For many years it has been a puzzle to understand why the scalars that occur in
supergravity theories belong to a non-linear realisation. However, from the perspec-
tive of this paper this it could be viewed as just a consequence of the whole theory
being a non-linear realisation. It is known that if one reduces eleven-dimensional su-
pergravity on a torus one nds [14] the group GL(11− d) in d dimensions. From the
view point of the non-linear realisation of eleven-dimensional supergravity given in
this paper, this is hardly surprising since it is just part of the original GL(11) group
of the original theory. However, it would be good to understand the emergence of
the exceptional groups from the dimensional reduction of the non-linear realisations
given in this paper.
One intriguing feature of the constructions of this paper is that the group is ap-
parently dierent for each supergravity theory. This would be compatible with the
suggestion, in refs. [17, 18], that the full automorphism group is a symmetry of M-
theory and that as one goes to the limits of M-theory such as eleven-dimensional su-
pergravity, IIA and IIB theory one nds dierent contractions of this automorphism
group. In fact, it is inevitable that OSp(1=64) is a symmetry of M-theory as this
group is the unique extension of the conformal group to include supersymmetry and is
in required in both the IIA and eleven-dimensional supergravities. As the IIB super-
symmetry algebra can be otained form the IIA supersymmetry algebra by an invert-
ible transformation [28], it is likely that OSp(1=64) is also required in the IIB case. It
is interesting to note that by taking this group one automatically encodes all the cen-
tral charges and the GL(32) automorphism. As such, this group implicitly includes all
the branes. Since it includes brane rotating symmetries one would have to restrict the
eld of the group to ensure it was compatible with the charge quantization conditions.
The maximal supergravities in ten dimensions are the low energy limits of the
coresponding string theories. As such, it is perhaps not surprising that they should
possess a non-linear realisation in that this has been the traditional role for such
formulations. However, it does suggest that there is an alternative formulation of
these string theories, perhaps M-theory, in which all the symmetries discussed in this
paper, including OSp(1=64) are linearly realised.
From a practical view point, it would be interesting to see if one could use the con-
formal symmetry, and its superextension, to derive constraints on the Greens func-






solving conformal Ward identities with theorems about the behaviour of Greens func-
tions of Goldstone particles. In a sense gravity and supergravity can be thought of as
the analogues of the conformally invariant two-dimensional models. One can think
of the symmetry of these latter models as being found by starting with the nite-
dimensional globally dened conformal group and generating an innite-dimensional
group by taking its closure with the group whose generators are L2; L0; L2. In the
theories considered in this paper, one also starts with a nite-dimensional, globally
dened, extension of conformal group and generates an innite-dimensional group
by taking its closure with an extension of the ane group.
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